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TORSTEN EKEDAHL 

Abstract. We prove that for every reductive algebraic group H with centre of positive 
dimension and every integer K there is a smooth and projective variety X and an algebraic 
-ff-torsor P ~* X such that the classifying map X BH induces an isomorphism in 
cohomology in degrees < K. This is then applied to show that if G is a connected non- 
special group there is a G-torsor P — * X for which we do not have [P] = [G][X] in the 
(completion of the) Grothendieck ring of varieties. 

For a fixed integer k and a variable integer n, the Grassmannian Gr(fc,rt + k) of (complex) 
A:-spaces in (complex) n + fc-dimensional space becomes a closer and closer (the larger we make 
n) homotopy approximation to the classifying space of GLfe(C) in the following sense: The frame 
bundle of the tautological /c-bundle is a GLfe(C)-torsor over Gr(fc, n + k) and thus gives a map 
Gr(fc, n+k) BGLfc(C) which induces an isomorphism on homotopy groups up to a degree which 
tends to infinity with n. The point here is that Gr(A:, n + fc) is a complex projective manifold 
and that the GLfe(C)-torsor is also algebraic. Hence, we can homotopically approximate the 
classifying space of GLfc(C) by projective manifolds using algebraic torsors. This is somewhat 
special to GLfc(C); it is for instance not possible to do it for SLfc(C) as i?^(BSLfe(C), Z) = 
and the second cohomology group of a projective manifold is never zero. When G is a finite 
group this was rectified by Atiyah and Hirzebruch (cf., [AH62, Prop. 6.6]) who showed that 
the Godeaux-Serre method (cf., [Se58]) together with the Lefschetz hyperplane theorem could 
be used to prove that we can get homotopy approximations to B(G x G™) which are given by 
algebraic torsors over a smooth and projective base. The main result of the present paper is 
an extension of this result to the case when G is a reductive group (and where we also allow 
ourselves to replace G x Gm by any central extension of G by Gm)- 

The technical problems we have to fight with is the fact that when dim G > there will be 
unstable points for the action of G on a projective space. The unstable points will contribute 
to the cohomology of a (suitably iterated) hypersurface section defined by a G-invariant form 
which will have to be "subtracted off" if we are to get hold of the cohomology of the torsor (and 
consequently its smooth projective base). This requires us to get information on the cohomology 
of the unstable locus and we shall use the inductive analysis of the unstable points introduced 
by Kempf et al. We are much helped by the fact that we can allow ourselves to consider P(y") 
where F is a fixed Hnear representation and n is arbitrarily large; making n large enough means 
that big pieces of the cohomology of the unstable locus will not interfere with our goal. On the 
other hand, in the argument we shall use (repeatedly) Poincare duality and consequently our 
results will only give a homological and not a homotopy approximation. 

The fact that our constructions are very non-canonical makes it unlikely that they could be 
used to study the the classifying spaces of reductive (or equivalently compact) groups. Instead 
it can be used to show the existence of projective manifolds exhibiting various topological be- 
haviours (as was already demonstrated by Atiyah and Hirzebruch where a particular behaviour 
of cohomology under the action of the Steenrod algebra was required). Indeed, we shall apply 
it to show that if G is a linear connected non-special (in the sense of Grothendieck and Serre) 
group, then there are algebraic G-torsors with a smooth projective base such that the associ- 
ated G/i?-fibration has cohomology which is not (additively) isomorphic to the cohomology of 
the product of the base and G/B. (On the contrary such an isomorphism always exists for a 
special group.) This will then be used to obtain the result on the Grothendieck ring of varieties 
mentioned in the abstract. 
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1 The approximation 

So far we have formulated our result in topological terms and that forces us to work with algebraic 
groups over the complex numbers. In Subsection 1.1 we shall discuss the necessary modifications 
to obtain results valid over any field. 

For the proof of our first proposition we need to recall (cf., [Ki84, Part II] whose notation we 
shall follow) the inductive analysis of unstable points of a representation W of a reductive group 
G. Hence, if we fix a maximal torus T of G we have a stratification {Sp} of P(VF) parametrised 
by certain elements of M(^Q, where M is the cocharacter group of T. To such a. P ^ the 
following data can be associated: 

• A positive definite quadratic form g on M Q that is invariant under the Weyl group has 
been chosen once and for all. 

• Putting Nfs:= {a € N \ a ■ l3 = q{j3) } and A^^ := {a e N \ a ■ (3 > q{f3) }, where N is the 
character group of T, we let Wp C W he the subspace spanned by the T-eigenvectors of 
weights belonging to ./Vg. 

• Wc let Tp be the image of r/3, where r is a strictly positive integer such that r/3 e M. The 
centraliser Stab/3 of T/3 is a reductive group stabilising Wfj. There is a reductive subgroup 
G/3 of Stab/3 such that Stab/3 — T^Gf) and T/3 is not contained in G/3. In particular 
dim Stab/3 = dimG/3 + 1. 

• Setting Z/3 := P(W/3) C P{W) we have that Stab/3 acts (hnearly) on it. We let Z^^ C Zp 
be the semi-stable locus for the action of Gp. 

• Letting C W he the subspace spanned by the T-eigenvectors of weights belonging to 
N'fs, Wl^ + Wfj CW is a direct sum. Putting Y3 := P(VK/3 ® VK^) \ P(VK^) we have a hnear 
projection morphism Yp ^ Z/s which is a vector bundle of constant rank r/3{V) := dim W^. 
(Under the identification of Yg Zp with a vector bundle Zp becomes the zero section.) 

We let Yp^ be the inverse image of Zp^ under the map Yp Zp. 

• There is a parabolic subgroup Pp stabilising Yp and Yg" as well as containing Stab/3. More 
precisely Stab/3 is a Levi factor of Pp, i.e., it maps bijectively to Pp/Up, where Up is the 
unipotent radical of Pp. In particular, as Up and G/Pp have the same dimension we have 
that dimG = dimStab,3 + 2 dim{G / Pp) . 

• We have an isomorphism Sp = G Xp^ Y^^ and So equals P(H^)'**, the G-semistable locus 
of P(I^). In particular if there is no weight of W that hes in Np we have that Sp = 

We now denote by S'p , Yp^ and Zp'^ the inverse images under the quotient map W \ {0} 
ViyV) of Sp, l^l** and Z^^ respectively. The hnear projection map Yp ^ Zp induces a vector 
bundle map Yp"^ Zp'' of rank rp{W). Consequently we have that 

Hi{Y^'',Z) = i^^^'■''(^)(Z'«^Z) (1) 

and in particular HKY'f, Z) = whenever i < 2rp{W). We also have that Sp = G x Yp. Its 
pullback along G G/Pp is a product and as Pp is connected, the proper base change theorem 
implies that R^Tr\Z is constant with constant value HliYp'^, Z). This (together with the fact that 
G/Pp is compact) implies that the Leray spectral sequence has the form 

W{G/Pp,Hi{Y^^^,Z)) =^ Hi+^{S'p,Z). (2) 

Turning now to a slightly different topic let F be a fc-dimensional complex vector space for 
k > 0. We define the open subset Un C V"" by the condition that (vi, . . . ,Vn) G Un if there is a 
subset S C {1, . . . ,n} with l^l = k and such that {vs)seS is a basis for V. Clearly, C/„ is stable 
under multiplication by scalars and so corresponds to an open subset Wn of P(y"). 
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Lemma 1.1 i) A tuple (vi, .... w„) lies in J7„ precisely when the Vi span V . 

a) GL{V) acts freely on Un and hence so does any algebraic subgroup of GL{V). 

Hi) Any point of Wn is semi-stable (and therefore also stable by ii) for the action by SL{V) 
and thus also for any algebraic subgroup of SL{V). 

iv) The codimension ofV" \ Un in V" is > n + 1 — k. 

v) Let G C SL(F) be a (not necessarily connected) reductive algebraic subgroup. Let 

^ \ {0} t^^^- inverse image of the locus of G-semistable points of P(F"). Then for 
every K there is an integer N such that Z) = for all dimG + 1 <i < K and n> N. 

Proof. To begin with i) is just linear algebra. 

For ii) a point (fi,...,w„) of [/„ contains a basis and hence its stabiliser is reduced to 
the identity. Hence it remains to show that the morphism GL{V) x Un ^ Un x Un given by 
(.9,2;) 1-^ {x,gx) is proper. For this we use the valuation criterion so we assume that we have 
a discrete valuation ring R with fraction field K and iiT-points g and x such that x and gx are 
defined as i?-points of C/„. As a; and gx thus both span V ^ R we get that g and its inverse are 
defined over R. 

As for iii), for every 5 C {1, . . . , n} we have the k x S'-determinant which is SL(y)-invariant 
and for every point of Un there is an S such that it separates the point from the origin. 

A point [vi, . . . ,Vn) in the complement of C/„ has, by i), the property that its linear span is 
a proper subspace of V . Hence, the point lies in the union of the i7", where U runs over the 
hyperplanes of V. That union has dimension at most A: — 1 + n{k — 1) and hence codimension at 
least nfc — (n + l)(fc — 1) = n + 1 — fc which proves iv). 

Finally, to prove v) we start by noticing that if G° is the group of connected components of 
G, then a point of P(y") is semi-stable for G precisely when it is so for G" . Hence we may, to 
simplify, assume that G is connected. 

We now apply the analysis recalled above of unstable points of the G-representation V'^ . The 
crucial part is that by construction (V");3 = (V/j)" (as Np docs not depend on the representation). 
Furthermore, again by construction, the set of /3 for which the Sp are non-empty is contained in 
a finite set which only depends on the weights of T appearing in the and is thus independent 
of n. We now prove the result by induction on dimG. The base case is when G — {e} in 
which case V^l = \ {0} and thus H^CVJl, Z) = unless i = 1 or i — 2ndim which gives 
the result in that case. In the general case, when dimG > 0, we have that dimG^g < dimG 
for all /3 7^ so we may assume that the theorem is true for (G/3,V^). The complement S' 
of VJl in V" \ {0} is the union of the Sp where l3 ^ runs over a finite set, independent of 
n. Using the long exact sequences of cohomology with compact supports we can analyse the 
vanishing of Hl{S', Z) in terms of the vanishing of the H^{S'p). We have that rjjiy^) = nrj3{V) 
so if ri3{V) 7^ we get from (1) (and (2)) that by making n large enough we may assume that 
Hi(S'p,Z) = when i < K. For those (3 with rf}{V) = we have that Yj^^* = Z'^\ Hence 
(2) and the induction assumption implies that by making n large enough we may assume that 
Hl{S'p,Z) = whenever 2dim(G/P/3) + dimGa + 1 < i < K and as, which was noted above, 
2dim(G/P;3) + dimGa + 1 = dimG we get that Hi{S'^, Z) = when dimG <i <K. From this 
(and the long of exact sequences of cohomology) we get that Hl{S', Z) = for dimG < i < K. 
We now have a long exact sequence 

• • • ^ Hi-\V^ \ {0}, Z) ^ Hi-\S', Z) ^ Hi{VZ, Z) ^ Hi{V^ \ {0}, Z) ^ ■ • • . 

From it, and the fact that i7^(y" \ {0}, Z) = for 1< i < ndimF it follows that H\VJl,Z) = 
if dim G + 1 < i < K (and n is large enough) . □ 

The following result is no doubt well-known but lacking a reference we provide a proof. 

Lemma 1.2 Let G be reductive group provided with a centrally embedded Gm ^ G. Then 
G has a faithful linear representation V such that the central Gm a.cts by the identity map into 
the scalar linear maps. 
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Proof. Wc first prove the following: Let C be a line bundle on an affine scheme X (over some afEne 
base) and let R be the ring generated (over the base) by the sections of £ considered as functions 
on the associated Gm-torsor T. Then the induced map T —^ Spec-R is an open embedding. 
Indeed, assume first that C = Rt. In that case T maps into the subscheme Speci?[i~^] but 
is equal to the affine coordinate ring of T so that T — > Speci?[t~^] is an isomorphism. As C is 
locally trivial this implies that there is an open covering {Ui} of T such that Ui ^ X —>■ SpecR 
is an open embedding. From this if follows that it remains prove that X — > Speci? is injective 
on points. That the elements of C separates points of C is clear however. 

In the case of Gm ^ G we get an C by considering the functions on G that are of weight 1 
with respect to the Gm-action. It is a line bundle over G/Gm- As Gm is central, C is G-invariant 
and is hence the union of finite dimensional subrepresentations. Applying what was just shown 
we get that a large enough such subrepresentation is faithful. This concludes our proof as by 
construction G^, acts on it by the identity map into scalars. □ 

Before passing to our main theorem we want to emphasise that we do not assume that a 
reductive group is connected. 

Theorem 1.3 Let H he a reductive algebraic group with positive-dimensional centre over the 
complex numbers. Then for every integer K there is a smooth and projective variety X and 
an algebraic H-torsor P X such that its classifying map X — > BH induces an isomorphism 
W(BH, Z) W{X, Z) for alli<K. 

If H has the form G x G^, then it is possible to choose P such that the line bundle associated 
to the the Gm-torsor P/G —^ X is ample. 

Proof. As the centre of H is positive dimensional and as it is reductive, the connected component 
of the centre is a torus so that we may find a copy of Gm contained in the centre. By Lemma 1.2 
we may find a faithful linear representation V of G which restricts to multiplication by scalars on 
the Gm- We now put G := 7fnSL(V^). After possibly replacing V by we may, by Lemma 1.1 
and the condition that H acts faithfully on V, assume that there is an open subset U CV, whose 
complement has arbitrarily high codimension, stable under H such that H stabifises U and acts 
freely on it. Furthermore, again by the lemma, we may also assume that U' := U/Gm Q P(^) 
consists of G-stable points so that ?7 is a If-torsor over an open subset U" of the GIT quotient 
P{V)/ /G. Finally, we may choose a suitable k such that the base point locus of (S'^V)''^ in P(V") 
is equal to the set T of unstable points and that (S'^V)'^ induces an embedding of the P{V)/ /G 
of P(y) by G into P((S"=1/)'^). 

We now construct a sequence P{V) = X() D Xi D ■ ■ ■ D Xa oi closed subvarieties such that 

• the codimension of Xj in P{V) at any of its points outside of T is equal to i, 

• Xj+i is the zero-set in Xj of some fj G (S'^V)'^ , 

• Xj is smooth outside T and 

• Xa\T lies inside U' . 

That such a sequence exists is clear as the general liyperplane section of a linear system is 
smooth outside the base points of the system. Furthermore, as the codimension of V \ U in V 
can be made arbitrarily large, once again by the lemma, so can L, the dimension of Xa \ T. We 
may also by (l.l:v) assume that Hi{V \ T', Z) = when dimiJ = dimG + 1 <i < L. 

Now, by the fact that Xj \ Xj+i is smooth and affine we get that Hl{Xj,Z) Hl{Xj+i,Z) 
is an isomorphism for i < dim(Xj+i \ T). Using the long exact sequence of cohomology (and 
the 5-lemma) this implies that Hl{Xj \ T, Z) Hl{Xj^i \ T,Z) is an isomorphism for i < 
dim(A:j+i \ T). Hence we get that Hl{P{V) \ T, Z) Hl{Xa \ T, Z) is an isomorphism for 
i < L which in turn implies that we have an isomorphism Hl{V \ T', Z) ifp(J7^,Z), where 
U'g^ is the inverse image of Xa \ T in \ {0} and T' the inverse image of T. Thus we get that 
Hl{U'g) = for dimi? < i < L. Now, by construction H acts freely on and the quotient Ya 
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is the zero set in P{V)/ /G of the fi. Hence Ya is proper as it is closed in P(V)/ /G and smooth 
as is. Furthermore, the Yj are general iterated hyperplane sections and hence normal (by 
[Se50] and the fact that 'P{V)/ /G is) and therefore they are connected by the Lefschetz theorem 
(and of course the fact that P{V)//G is connected). This may be applied to the case when H 
is replaced by its connected component H° and thus also is connected (as — > Ua/H° is a 
fibration with connected fibres). Furthermore, if K C H is a. maximal compact subgroup, then 
the G-torsor Ya has a reduction to a X-torsor Qa Q U'^ and this inclusion is a homotopy 

equivalence. Furthermore, as Ya is a compact (complex) manifold, Qa is also a compact manifold. 
Now, letting K° := H" fl K the fibration Qa — > Qa/K" has connected structure group and is 
hence orientable and as Qa/K" = U'a/G" is a complex manifold and in particular orientable we 
conclude that Qa is a compact orientable manifold. 

We now apply duality to U'a and conclude that Hi{U'a, Z) = for 2d — L < i < 2d — h, where 
d, is the (complex) dimension of U'a and h := dimH. As Qa is liomotopic to C/,' the same is 
true for Qa- Being an orientable manifold we can apply duality to it together with the fact that 
dimC/^ - dimQa = dimF - dimK = h. This gives H'{Qa, Z) = for < i < L - h and as 
is connected so is Qa and we get that i?°((5a,Z) = Z. Therefore we get that iJ*(C/„,Z) equals 
Z if « = and if < i < L — h. We have a commutative diagram of -ff-torsors 

K ^ EH 



Ya > BH 

and the map Ua —>■ Eif induces an isomorphism in cohomological degrees < L — h. This implies 
that the same is true for Ya BH (by for instance the spectral sequence W{H^ x X) =^ 
H^+j{Y) that exists for any if-torsor X ^ Y) and as L can be made arbitrarily large we are 
finished with the first part. 

For the last part, we have by construction that P/Gm = Xa and thus P P/G„i is the 
Gm-torsor associated to the restriction C of 0(1) to Xa and as G acts compatibly on P and 
P/Gm, extends to a Hne bundle M. ovi PjH = Y^. Furthermore, the space of sections of 
M®'' equals {S^'V)'^ which shows that M®^ is the restriction of the 0(1) of P((S'*=y)<^) to 

Ya C P(V)//G C P((5'=\/)^). □ 

Remark: i) If H is connected its centre is positive-dimensional precisely when H is not semi- 
simple. 

ii) For a general reductive group G, G x Gm fulfils the conditions of the theorem. 

iii) The proof of the theorem shows that we can refine (l.l:v) to if*(VJJ,Z) = for all 
<i<K andij^ dimG + 1 and H^'""^+^{V^l,Z) = Z. It would be interesting to have a direct 
proof of this fact. 

iv) Note that the appropriate homotopj^ version of the Lefschetz hyperplane theorem (cf., 
[Mi63, Thm 7.4]) gives that Xa is a homotopy approximation to to P(V^). However, we need to 
have information on the relation between P(V^) \ T and Xa \ T. Our proof of such a relation 
involved the use of duality. Duality is an intrinsically stable (in the sense of homotopy theory) 
notion and hence destroys information on for instance the fundamental group. Note incidentally 
that T may very well have a larger dimension than Xa \ T. 

However, it seems reasonable to believe that the restriction to homological approximation is 
just an artifice of the proof and I conjecture that there are G-torsors over smooth and projective 
varieties such that the classifying map induces an isomorphism on homotopy groups up to any 
limit. 

v) One can, if one is so inclined, make an a posteriori use of the Lefschetz theorem to obtain 
a stronger result: Given an integer L one can find an algebraic i?-torsor P — > y with Y smooth 
projective of dimension L such that W{BH,Z) — > iJ'(F, Z) is an isomorphism for i < L and 
injective with a torsion free cokernel for i = L. Then H^{Y, Z) for i > L is determined by duality. 
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One constructs Y from the X of the theorem (using a. K = L + 1) by taking the appropriate 
number of hyperplane sections. 



1.1 Algebraic version 

In this subsection we shall quickly indicate the modifications needed to obtain a theorem vaHd 
over an arbitrary (algebraically closed, for simpHcity) field k, replacing of course classical coho- 
mology with etale cohomology with values in Z', the inverse limit lim^ Z/nZ, where n runs over 
integers invertible in k. 

The classifying map X BH of an iJ-torsor n: P ^ X makes sense if we replace the classify- 
ing space with the classifying algebraic stack. Apart from that, the only non- algebraic component 
of the proof is the use of the maximal compact subgroup K and the reduction of the structure 
group of a i?-torsor to K. However, we only need the cohomological consequences of that fact. 
More precisely we need to know that the dual (when the base is smooth) of i?7r*Z' is isomorphic 
to i?,7r,Z'[— /i], where h := dimH. For this we first note that the proof of the theorem shows 
that i?*7r*Z' is a constant sheaf of value H^{H,Z'). (Formally, the argument shows this only 
for direct images with compact support but we can use duality or smooth base change instead.) 
Suppose now that we know that H'{H, Z') = for i > /i, H^^iH, Z') = Z' and that the multipli- 
cation map RT{H, Z') 0^ RT{H, Z') ^ RT{H, Z') composed with RTiH, Z') ^ H''{H. Z')[-h] 
gives an isomorphism RT{H,Z') ^ RYLoui^,{RT{H,Z'), H^{H,Z'))[-h]. We then get a mor- 
phism R-K^Z' R^TT^,Z'[—h] = H'''{H,Z')[—h] and it together with the multiplication map 
i?7r*Z'0^i?7r*Z' Rn^Z' gives a morphism Rn^Z' RHom2,{R-K^Z' ,H^{H,Z'))[-h]. To 
check that this is isomorphism we can pull back by tt and by smooth base change the map 
becomes just the constant map RT{H, Z') ^ RRom^, {RT {H , Z'),H''{H, Z'))[-h]. 

Now, in order to show duality for RT{H, Z') we start by noticing that the cohomology of H 
is isomorphic to that of H/U, where U is the unipotent radical of a Borel group B of H. The 
quotient map G/U G/B is a T-torsor and by the argument just given and the fact G/B is 
proper we are reduced to proving duality for i?r(T, Z'). This of course is well-known. (For the 
proof of duality for RT{H, Z') we could also have started off from the truth of it over C and 
then used a specialisation argument as in [De77, Sommes trig.:8.2] to show that the cohomology 
is independent of the algebraically chosen base field and in particular of the characteristic.) 

In characteristic zero this gives us a purely algebraic proof of the theorem. In positive 
characteristic the problem is that we do not know that a general member of tlie linear system of H- 
invariant forms on P{V) is smooth outside of the base (i.e., unstable) locus. This can be rectified 
by going directly to (in the notations of the theorem) Xa'- Letting Vi := {x G P(V^) | fi{x) ^ } 
we have that the Vi as well as their intersections are smooth and affine and their union, V', is the 
complement of Xa. Using the Cech spectral sequence for V' = UiVi we get that W{V', Z') = 
for i > dim V' + a and using duality (as V' is smooth) and the long exact sequence of cohomology 
with compact support we get the needed properties of the cohomology of Xa- 

Finally, as we no longer (in positive characteristic) can assume that Xa \ T is smooth we 
can not use it to get the smoothness for Xa/H. However, Xa/H is a complete intersection with 
respect to a very ample linear system of P(y)/ /G lying in the smooth locus of 'PiV)/ /G so that 
if the fi are chosen to be general the smoothness of Xa/H follows directly. 

We can go even further and start with an algebraic group over an arbitrary (i.e., non- 
algebraically closed) field. We can then choose our representation V to be defined over the 
same field. The genericity conditions for the choice of the i?-invariant forms can be fulfilled over 
the base field if it is infinite. In the case of a finite base field it can be fulfilled by increasing the 
degree of the forms. 
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2 Applications 

An example of how the theorem can be appHed to finite groups is given in [Ek86]. There one 
uses the fact that for every prime p there is a finite group G with elements x, y, z G H^{G, Z/pZ) 
such that the Massey product {x, y, z) is defined and non-trivial. Using a smooth and projective 
approximation one concludes that there is a smooth and projective variety with non-trivial Z/pZ- 
Massey products (on the contrary rational Massey products of smooth and proper varieties are 
always trivial, cf., [DGMS]). 

A somewhat vaguer application is to the theory of characteristic classes of G-torsors. The 
theorem implies that a characteristic class of G-torsors is determined by its restriction to the 
category of smooth projective varieties and algebraic G-torsors for G a reductive group. 

Recall (cf., [SC58]) that an algebraic group G (over an algebraically closed field) is said to 
be special if every algebraic G-torsor is trivial in the Zariski topology. Special groups have the 
property that for every (topological) G-torsor P — > X, the associated G/i?-fibration G/BxgP =■ 
Y ^ X has H*{Y) isomorphic to H*{G/B x X, Z). We can use the theorem to prove a very 
specific version of the converse of this result. 

Proposition 2.1 Let G he a connected non-special linear group. There is a smooth projective 
variety X and an algebraic G-torsor P ^ X such that ifV — > X is the associated G/B-Gbration, 
where B is a Borel subgroup of G, then H*{Y) is not isomorphic to H*{G/B x X,Z). 

Proof. Suppose that we have proved the proposition instead for G x Gm (which also is non- 
special) so that we have a G x Gm-torsor P ^ X with the requisite properties. If B is a Borel 
subgroup of G, then B x G„i is a Borel subgroup of G x Gm- Hence the (G x Gm)/iB x Gm)- 
fibration associated associated to P ^ X is also the G/B-fibration associated to the G-torsor 
P/Gm X and we get the result for G. 

Hence we may assume that G has a centrally embedded Gm- We let X be a high degree 
approximation to BG as in Theorem 1.3. Then the induced morphism Y G/B xq EG is also 
highly (cohomologically) connected. Now, G/B Xq EG is isomorphic to EG/B = B{B) ^ BT, 
where T is a maximal torus of G. This means that H*{G/B xq EG,Z) = H*{BT,Z) and 
H*{BT, Z) is the symmetric algebra on the cocharacter group of T. In particular it is torsion free 
so if H*(BG, Z) has torsion then we do not have an isomorphism ff*(BT) ^ H*{G/B x BT, Z). 
As X can be chosen to be an arbitrarily high degree approximation if H*{BG,Z) has torsion 
we can find an X fulfilling the conditions of the proposition. However, by [SC58, Exp 5: Thm 
3,Thm 4] H*{BG, Z) has torsion when G is non-special. □ 
Remark: i) In many cases one can remove the condition that G be reductive. For instance, in 
characteristic zero any linear connected algebraic group G contains a complement to its unipotent 
radical U, i.e., a subgroup H C G which maps isomorphically to G/U. We can then construct 
an if-torsor is in the proposition and extend it to a G-torsor through the inclusion H C G. We 
then have that the associated G/S-fibration is isomorphic to the /f/B'-fibration associated to 
the original torsor. 

ii) In some cases at least one can prove the proposition through the Atiyah-Hirzebruch result. 
For instance for S0„ one can look at the diagonally embedded (Z/2)"~^ C S0„. Its classifying 
space detects all the torsion of -ff*(BSO,i,Z) so getting a (Z/2)"~^ x Gm-torsor will give the 
proposition. Similarly, one can use the Z/n Heisenberg group and its embedding into SL„(C) 
giving an embedding of (Z/n)^ C PSL„(C) which detects the torsion class of i?^(PSL„(C), Z). In 
characteristic p and for a reductive group G defined over a finite field one can use G(F) for a large 
enough finite field. This inclusion does not necessarily lift to a homomorphism G(F) G(C) 
(in fact typically it does not) and only gives a map from BG(F) to the profinite completion 
(away from p) of BG(C) which is not enough for our purposes (we would really need a group 
homomorphism G{F) G(C)). 

iii) Using the refinement discussed in the fifth part of the remark after Theorem 1.3 one 
can get a more precise result in that one can also demand that H*(Y, Z) is torsion free and as 
H*{X, Z) contains torsion it is clear that H*{Y, Z) is not isomorphic to H*{X x G/B, Z). 
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Though it seems unhkely that the approximation tiieorem can be used to obtain any sub- 
stantial properties of BG one can apply it to reprove a result of Deligne (see [De74, Thm 9.1.1]) 
on the rational cohomology of BG. Recall that BG can be realised as (the geometric realisation 
of) a simplicial scheme and hence its rational cohomology has a natural mixed Hodge struc- 
ture. The result of Dehgne imphes that the mixed Hodge structure on W{BG,Q) is pure of 
weight i. This however follows directly from the approximation theorem and the fact that the 
z'th cohomology group of a smooth and proper variety is pure of weight i. Deligne's result is 
more precise in that he proves that if*(BG, Q) is zero for odd i and purely of type («/2,«/2) 
for even i. This, however, follows from the weaker result: We have the Leray spectral sequence 
H%BG,Q)^W{G/B,Q) =^ W+^BB,Q) which is a spectral sequence of mixed Hodge 
structures whose i?2-term is pure (of weight equal to the total degree). Hence, the spectral se- 
quence degenerates for weight reasons and we get as a consequence the, splitting principle, that 
iJ*(BG, Q) iJ*(B_B,Q) is injcctivc which reduces the stronger statement to a computation 
of of the mixed Hodge structure on H*{BB,Q) = H*{BT,Q). Deligne goes in the other di- 
rection, using the degeneration of the spectral sequence to get the splitting principle and hence 
the purity of iJ*(BG, Q). The degeneration of the spectral sequence is also equivalent to the 
fact that H*{BT,Q) H*{G/B,Q) is surjective which was also proved by Grothendieck (see 
[SC58, Exp 5: Cor 4, Lemme 10]). In any case the approximation theorem gives arguably a quite 
natural explanation for the fact that H*(BG,Q) is pure. 

For our main application of the theorem we need to recall some facts. For a field k one defines 
^o(SpCk) the group generated by elements [X], X an algebraic k- variety, such that isomorphic 
varieties give the same element and [X] — \Y] — [X\Y\ for a closed subvariety y C X. It has 
a ring structure characterised by [X] \Y] = [X y,Y] and one defines a dimension filtration on the 
localisation ii'o(SpCi(.)[L~^], with L := [A-'^], where Fil"iirQ(SpCi(.)[L~^] is generated by elements 
of the form [X]L~* for which d\mX < n + i. Then i4rQ(SpCj.) is the completion of iirQ(SpCk)[IL~"^] 
with respect to this filtration. If G is a special algebraic group it follows easily that for any 
algebraic G-torsor P ^ X we have [P] = [G][X] in i4ro(SpCk.)- We aim to use Proposition 2.1 to 
give a (partial) converse to this fact. 

Theorem 2.2 For every connected non-special linear algebraic G (over the Geld of complex 
numbers) there is an algebraic G-torsor P —> X such that [P] ^ [G][X] S iifoCSpCk). 



Proof. As G is non-special and its unipotent radical U is special (cf., [SC58, Exp 1, Prop 14]) 
we get that G/U is non-special as extensions of special groups are special (cf., [SC58, Exp 1, 
Lemme 6]) and we may assume that G is reductive. In [Ek09a, Prop. 3.2] an invariant of elements 
of ifo(SpCk) is defined whose value on [X] for X smooth and proper gives information equivalent 
to the isomorphism class of H*{X,Z) as a graded group. It is also proved (cf., [EkOQa, Lemma 
.3.8]) that if [P] = [G][X] in ^o(SpCk) for all G-torsors, then [Y] = [G/B][X] = [G/B x X] 
for all G/B-fibrations Y ^ X with structure group G. However, if we had \Y\ = [G/B x X] 
for a smooth and proper X, then by what was just recalled (and the fact that G/B is smooth 
and proper) we would get H*{Y,7i) = H*{G/B x X,Z) which by Proposition 2.1 is not always 
true. □ 

Remark: i) It is not difficult to extend the theorem to non-connected groups (which are always 
non-special). In that case however [P] = [G][B] should essentially never be true, for instance if 
G is finite it is true only if the torsor is trivial. 

ii) Note that having a base field of characteristic zero is (currently) necessary: The invariant 
of [Ek09a] is defined using resolution of singularities. 

iii) That invariant is additive and takes value in a torsion free abelian group so that we get 
not only that [P] ^ [G][X] but also that the difference [P] — [Gf\[X] has infinite order. 



APPROXIMATING CLASSIFYING SPACES 
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